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Abstract

Through analyzing the transmission properties of metallic plates with periodic arrays of subwavelength apertures in different
shapes, we found two conditions for such structures to work as super lenses. The working wavelength dictated by the aperture’s
shape resonance should be much larger than the array’s periodicity, meanwhile the coupling between the aperture’s waveguide
modes and external radiations should be as small as possible. These two conditions contradict with each other for a square-shape
aperture so that high index materials should be inserted into the apertures, while a fractal-shape aperture satisfies these two conditions
simultaneously without using high-index insertions. Numerical simulations were performed to illustrate the imaging properties of
these plasmonic lenses.
© 2011 Elsevier B.V. All rights reserved.
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1. Introduction

Conventional optical imaging is subject to the diffrac-
tion limit so that the resolution is bounded by half of
working wavelength. To realize subwavelength imag-
ing demanded by many practical applications, an optical
instrument should be able to collect information car-
ried by both propagating and evanescent waves. In
addition to conventional near-field optical approaches,
many new ideas were recently proposed to achieve the
super imaging. Realizing subwavelength imaging with
metamaterials was first suggested by Pendry [1], who
rigorously proved that a slab of material with ε = μ = − 1
is a perfect lens with infinitely high resolution, and
the loss would degrade the resolution to make the lens
a super one [2–4]. Although the idea was experimen-
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tally demonstrated in microwave regime [5,6], direct
extension to higher frequencies is difficult since meta-
materials with both ε and μ being −1 are hard to
fabricate at optical frequencies. Relaxing the condition
to let ε = −1 only, it was demonstrated that a silver
slab could work as a super lens at a particular optical
frequency, but only for near-field sources with specific
polarization [7,8].

Subsequently, several new ideas to realize super
imaging were proposed, which were still based on
the metamaterial concept but did not require strictly
ε = μ = − 1, and therefore, were more practically
realizable. The proposed systems include layered metal-
dielectric structures [9,10] and metallic wire media
[11,12]. Although the working mechanisms are quite dif-
ferent, all these systems share a common characteristic
that they can transfer the evanescent components from
source to image planes without distortions. In addition,
for these devices, the working wavelengths were typi-
cally determined by the geometrical structure instead of
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constitutional material so that they can cover an ultra-
wide frequency range upon structural design.

On the other hand, a new class of artificial materials,
metallic plates with periodic array of apertures [13–20],
drew a great deal of attention recently stimulated by
the discovery of extraordinary optical transmission phe-
nomenon [21]. In 2004, Pendry et al. demonstrated that
metallic plates with slits or square holes support spoof
surface plasmon polaritons (SPPs), and when the unit
cells are enough subwavelength, such complex systems
can be homogenized as plasmonic metamaterials with
well-defined equivalent parameters. Inspired by these
peculiar SPP properties, Jung et al. demonstrated by
numerical simulations that a metallic plate with peri-
odic slits could realize subwavelength imaging [22].
However, the image formed by such a super lens is sub-
wavelength only along one direction (perpendicular to
the slit), and the working wavelength is dependent of the
lens thickness since a Fabry–Perot resonance is excited
inside the slit [22]. To overcome these shortcomings, a
metallic plate with fractal-like hole array was recently
proposed as a super lens, and the imaging functionali-
ties of the proposed devices were demonstrated by both
numerical simulations and microwave experiments [23].
The image realized by the fractal lens is subwavelength
along all directions and the working frequency is inde-
pendent of the lens thickness [23].

There are, however, still several issues remaining
unsolved. For example, the proposed fractal lens only
works for sources with one particular polarization since
the structure is inherently anisotropic [23]. Also, the
role played by the aperture shape is not elucidated and
it is not clear what happens if another shape is cho-
sen. In this paper, we employ both theoretical analysis
and finite-difference-time-domain (FDTD) simulations
to address these issues. Through examining the trans-
mission properties of such holey metallic plates (HMP)
with different aperture shapes, we succeeded in identify-
ing two important conditions to ensure these structures
working as super lenses. These conditions would guide
people search for structures with good imaging perfor-
mances and help understand the intrinsic mechanisms
underlying the super imaging effect.

2. Theoretical analysis

Suppose a y-polarized dipole source, taking the sim-
plest current distribution as �J(�r, t) = �yP0δ(�r)e−iωt with
P0 and δ(�r) defining the strength and position of the
dipole source, is put on top of a slab lens as shown in
Fig. 1(a). The electromagnetic (EM) field distribution
can be formally solved using a dyadic Green’s function

Fig. 1. (a) Geometry of the near-field super imaging. Unit cell struc-
tures of holey metallic plates with (b) square holes and (c) fractal-like
slit patterns.

method, based on decoupling the radiation fields into a
series of plane waves with different incident angles and
polarizations [24,25]. For example, on the image plane
which is the exit surface of the slab lens, the y component
of E-field is found explicitly as:

Ey(x, y) = − iμ0P0

8π2

∫
eik‖(x cos φ+y sin φ)

kz

×
[
T TE(k‖) cos2 φ + k2

z

k2
0

T TM(k‖) sin2 φ

]
k‖dk‖ dφ

(1)

where kz =
√

k2
0 − k2

‖ with k0 = ω/c, φ is the azimuth

angle, TTE(k‖) and TTM(k‖) are the transfer func-
tions of the slab lens for incident plane waves in
transverse-electric (TE) and transverse-magnetic (TM)
polarizations and with a particular parallel k component.
Here we suppose the lens is isotropic on the x–y plane.

We immediately find that the transmission properties
of the slab are essential for the imaging performance.
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If at some frequencies the slab is designed to exhibit
TTE(k‖) ≡ 1 and TTM(k‖) ≡ 1 for all k‖ values (no matter
k‖ < k0 for propagating component or k‖ > k0 for evanes-
cent component), Eq. (1) tells us that the field distribution
on the image plane is identical to that on the source plane
so that the slab lens is a perfect one.1 The physics is
that such a lens can perfectly transfer all Fourier wave-
components through it without any distortion.

We now analyze the transmission properties of a
HMP. The shape of the aperture can be a simple square
[see Fig. 1(b)] or other complex geometry [Fig. 1(c)], but
it should exhibit the 4-fold symmetry on the x–y plane.
Without losing generality, we assume that each aperture
is filled with certain dielectric medium with dielectric
constant εh. Such a problem is analytically solvable
under some approximations. Suppose a plane wave with
certain polarization and parallel k vector is incident
from air on the HMP, the wave transmitted through
the structure can be solved using the mode-expansion
technique developed in Refs. [24,25]. Retaining only
the fundamental scattering mode in air regions and
the fundamental waveguide mode inside the holes, we
solved the scattering problem analytically by appropri-
ately matching the boundary conditions. Extending the
previously established mode-expansion technique for
simple square shape [13,22] to arbitrary symmetrical
shape, we obtained the transmission/reflection coeffi-
cients through a finite-thickness HMP. Explicitly, the
transmission coefficients were found as:

T TE(k‖) = 4YTE
0 Yholee

iqzh

(YTE
0 + Yhole)

2 − (YTE
0 − Yhole)

2
e2iqzh

T TM(k‖) = 4YTM
0 Yholee

iqzh

(YTM
0 + Yhole)

2 − (YTM
0 − Yhole)

2
e2iqzh

(2)

where Yhole = qz/S2
0ωμ0 is the admittance of the fun-

damental waveguide mode within the holes and qz =
k0 · √

εh · √
1 − ω2

c/ω
2 with ωc being the cutoff fre-

quency of the waveguide,2 YTE
0 = kz/ωμ0 and YTM

0 =
ωε0/kz are the admittance of the scattering wave in air

where kz =
√

k2
0 − k2

‖ , and S0 is the overlapping inte-

1 We note that Ey distribution on the source plane can expressed as:

Ey(x, y) = − iμ0P0
8π2

∫
(eik‖(x cos φ+y sin φ)/k0z)[(1 + RTE(k‖)) cos2 φ +

(k2
0z

/k2)(1 − RTM(k‖)) sin2 φ]k‖dk‖dφ. Therefore, when the con-
dition TTE(k‖) ≡ 1, TTM(k‖) ≡ 1 (indicating RTE(k‖), RTM(k‖) ≡ 0
simultaneously) is satisfied, we find that the field distribution on the
image plane (Eq. (1)) is identical to that on the source plane.

2 For a square shape, the fundamental waveguide mode is just the
TE10 mode and ωc = cπ/(a

√
εh). For arbitrary symmetrical shape, the

fundamental mode information can be obtained by numerical simula-
tions.

gral between incident plane wave and the fundamental
waveguide mode, representing the strength of coupling
between them. For normal incidence case, S0 is found as

S0 =
∫

hole EInc∗
y · EWG

y dx dy∫
hole(|EWG

x |2 + |EWG
y |2) · dx dy

, (3)

where the integration is taken over the hole area, �EInc

is the incident plane wave with polarization �EInc‖ŷ,
and �EWG denotes the field pattern of the fundamental
waveguide mode, which can be obtained by numeri-
cal simulations. In the simplest case of square shape
[Fig. 1(b)], we found analytically that:

S0 = 2
√

2a

πd
(4)

which coincides with an early analytical result [13,22].
An important conclusion can be drawn by analyzing

Eq. (2). As ω → ωc so that qz → 0, we can expand the
transmission coefficients to power series of qz. Keeping
the lowest-order terms in qz, we found that⎧⎪⎪⎪⎨⎪⎪⎪⎩

T TE(k‖) = 1

[1 − (S2
0/2)(2πh/λ)i] + O(qz)

T TM(k‖) = 1

[1 − (S2
0/2)(2πh/λ)i] + O(qz)

(5)

Eq. (5) is remarkable, since it predicts that

T TE(k‖), T TM(k‖) → 1 (6)

for all values of k‖, if the condition

S0 � 1 (7)

is satisfied. Therefore, put Eq. (6) to Eq. (1), we found
that the system behaves as a perfect lens at the frequency
ω = ωc. In addition, for this particular case, the working
frequency is solely dependent on the lateral geometry of
the aperture and has nothing to do with the thickness h of
the HMP. Therefore, in principle one can make a thick
HMP to transmit a perfect image through a very long
distance.

However, we have to mention that Eqs. (2) and (5)
are obtained under two important assumptions – the
higher order diffractions in air regions and the higher-
order modes in waveguides can be neglected. The first
assumption is easily justified if we have

λc 	 d (8)

so that all higher order diffraction modes are evanescent
waves. We will demonstrate in Sec. III that the second
assumption is justified if the condition (7) is satisfied.
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Fig. 2. FDTD calculated transmission spectra for a series of (a) square-
aperture and (b) fractal-aperture HMPs with different thickness h and
with a = 18 mm. The cutoff frequency is 3.75 GHz for both apertures
(dashed line). The geometrical parameters of the fractal pattern are
d = 20 mm, l1 = 12 mm, l2 = 8 mm, l3 = l4 = 4 mm, and w = 1 mm.

3. Numerical analyses on realistic structures

In this section, we take the square-shape aperture
[Fig. 1(b)] as an example to identify the criterion for
the second assumption. In all the structures (with either
square or fractal apertures) studied in this paper, we fixed
the periodicity as d = 20 mm. We first employed FDTD
simulations3 to calculate the normal-incidence transmis-
sion spectra through a series of HMPs with a fixed as
a/d = 0.9 but with different thickness h, and depicted the
spectra in Fig. 2(a). Here we set εh = 400/81 so that the
cutoff wavelength is λc = 4d, satisfying the condition (8).
We found that perfect transmission frequencies for these
HMPs are not precisely ωc, but rather strongly depend on
the thickness h. This is in direct contradiction with Eq. (6)
which predicts that perfect transmission always occurs
at the cutoff frequency ωc. Apparently, the single-mode
approximation is not valid here.

We then varied the value of a/d to see what
kind of aperture would better support the single-mode
approximation. To ensure each waveguide to exhibit
the same cutoff wavelength λc = 4d, we purposely set

3 CONCERTO 7.0, Vector Fields Limited, England (2008).

Fig. 3. (a) Perfect transmission frequencies (squares) and (b) the asso-
ciated phase changes 	φ for square-aperture HMPs with different
values of a/d, calculated by FDTD simulations. Here the thicknesses of
the HMPs are fixed as h = 10 mm. Dotted line depicts the permittivity
εh of the inserting materials in order to keep the cutoff frequency of
the systems fixed as 3.75 GHz.

εh = 4 × (d/a)2 for each HMP. We employed FDTD sim-
ulations to study the transmission spectra of these HMPs
(with h fixed as 10 mm), and depicted in Fig. 3(a) and
(b) the perfect transmission frequency and the transmis-
sion phase as functions of a/d, respectively. Clearly, only
in the limit of a/d → 0, perfect transmission occurs at
the cutoff frequency and the associated phase change
	φ → 0, in consistency with Eq. (6) obtained under
the single-mode approximation. Therefore, the value
of a/d is a crucial criterion to justify the single-mode
assumption. Noting that the overlapping strength S0 is
proportional to a/d in the square-shape aperture case [see
Eq. (4)], we conclude that Eq. (7) is just the criterion to
validate the single-mode assumption inside the waveg-
uide. In fact, criterion Eq. (7) has a profound physical
significance, since S0 actually measures the quality (Q)
factor of the aperture resonator. Indeed, for an aperture
with a higher Q-factor, the single-mode approximation
is better applicable since the external radiation can only
excite this particular mode.

To visualize the super imaging effects, we performed
FDTD simulations to study the images formed by four
square-aperture HMPs with different values of a/d, and



Author's personal copy

116 S. Xiao et al. / Metamaterials 5 (2011) 112–118

Fig. 4. FDTD calculated E-field patterns on the image planes of four
square-aperture HMPs with different values of a/d: (a) a/d = 0.9, (b)
a/d = 0.5, (c) a/d = 0.3 and (d) a/d = 0.1. In all cases, a dipole source
polarized along y axis is put at the origin point on the source plane and
the working frequency is 3.75 GHz.

depicted the calculated patterns in Fig. 4(a–d). All these
HMPs are designed to have the same thickness h = 5 mm
and cutoff frequency 3.75 GHz through adjusting the
value of εh. In the case of large a/d, we found that the
formed image is very bad without any feature [Fig. 4(a)].
However, the image quality becomes better and better
as a/d decreases [see Fig. 4(b–d)], which justifies our
arguments presented above.

Eqs. (7) and (8) are two analytical conditions for
an HMP to work as a super lens. For an HMP with
square-shape apertures, these two conditions can only be
satisfied when the aperture is filled with high-index mate-
rials. As shown by the dotted line in Fig. 3(a), εh should
increase to a very large value (over 1000) to make the
single-mode approximation applicable. However, mate-
rial with such a high εh is not easy to find in practice.
Fortunately, we found that these two conditions can be
simultaneously satisfied for other shapes including the
fractal pattern, without using any high-index insertion.
The physics is that a fractal pattern could sustain a cutoff
wavelength much longer than its own lateral size.

We note that the previously designed fractal lens only
works for sources with a fixed E-field polarization [23],
since the fractal pattern itself is anisotropic. Here we
extended the previous idea [23] to design an isotropic
fractal-like HMP with unit cell shown in Fig. 1(c), and
studied its imaging functionalities. Set the lateral size

Fig. 5. S0 of the fractal aperture as a function of slit line width w,
calculated by FDTD simulations. The dashed line denotes the value of
S0 for a square aperture. Both apertures have a/d = 0.9.

of the fractal pattern is the same of that of the square
aperture, i.e., a/d = 0.9, we first employed FDTD simu-
lations to study the transmission spectra through a series
of HMPs with different thicknesses h, and compared
the results in Fig. 2(b). In sharp contrast to Fig. 2(a)
for the square-aperture HMP with the same a/d value,
here for the fractal-aperture case the perfect transmis-
sion frequency is robust against h, indicating that the
transmission phase is nearly zero and the single-mode
approximation [and its prediction Eq. (6)] is valid.

To understand why the fractal-aperture lens is more
superior than the square-aperture lens, we employed
FDTD simulations to numerically compute the overlap-
ping strength S0 based on Eq. (3) for the fractal aperture.
Calculations show that, in contrast to the square-aperture
case where S0 is solely determined by a/d, here for a frac-
tal shape S0 can be tuned by an additional parameter –
the width w of each slit. As shown in Fig. 5 where S0 is
depicted as a function of w, we find that S0 of the frac-
tal aperture can be made much smaller than that of the
square aperture (both have a/d = 0.9) by simply decreas-
ing w. This explains why the single-mode assumption
works so well for the fractal HMP, simply because the
condition (7) can be better satisfied by narrowing the line
width w so as to increase the Q-factor.

As an illustration, we employed FDTD simula-
tions to study the transfer functions [TTE(k‖) and
TTM(k‖)] for the designed isotropic fractal-like HMP.
The results depicted in Fig. 6 verified that indeed we
have TTM(k‖), TTE(k‖) ≈ 1 for both transmission ampli-
tudes and phases, at the working frequency 3.75 GHz.
The inherent reason is that our structure supports TE
and TM polarized spoof SPPs simultaneously, which
has been demonstrated in our previous work [23]. We
further employed FDTD simulations to compute the
image formed by such a lens for a point source polarized
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Fig. 6. Amplitude (squares, left axis) and 	φ (dashed line, right axis)
of the transfer functions TTE and TTM of a fractal-aperture HMP with
h = 5 mm, as functions of incident angles calculated by FDTD simula-
tions at 3.75 GHz.

Fig. 7. FDTD calculated E-field pattern on the image plane of a 5-
mm thick fractal-aperture HMP, with a dipole source polarized along
−x̂ + ŷ direction put at the origin point of the source plane.

along −x̂ + ŷ direction, and the image pattern depicted
in Fig. 7 indeed resembles a dipole polarized along
135◦, although two additional weak bright-spots appear
in the image plane caused by scatterings on the aper-
ture corners. Fig. 7 demonstrates that the system is a
two-dimensionally isotropic super lens with much bet-
ter imaging quality compared to the square-shape HMP
with the same a/d [Fig. 4(a)]. Most importantly, here
for the fractal lens no high-index material is needed to
achieve the super imaging effect.

Finally, we emphasize that it is inappropriate to derive
the image resolutions directly from the patterns shown in
Figs. 4 and 7, since the resolution is ultimately bounded
the lattice constant d of the HMP [23]. However, a better
field confinement within a unit cell (such as the cases
shown in Figs. 4 and 7(c–d)) is still extremely helpful for
the super lens to achieve the desired limiting resolution.

4. Conclusions

In short, through analyzing the transmission proper-
ties of HMPs with apertures in different shapes, we found
two analytical conditions for such systems to work as
super lenses. We employed FDTD simulations to study
the imaging functionalities of two types of super lenses,
and found that the aperture shape plays a crucial role in
achieving the super imaging effect.
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